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Physical Cosmology M
Final exam, Spring 2018 : I

(Take-home 25 hours, 50 points)

( [ Problem 1. “Age of the Universe” (16 points = 2 x 8)

(a) Write down the formula for the age of the Universe to (with the scale factor
from a = 0 to 1) in which the ratio of the energy densities to the critical density
today are Qy (radiation), {m (matter), {2 (curvature) and 2A (cosmological
constant), and the Hubble rate today is 2o,
(b) Compute the dimensionless age of the Universe Hoto for the matter-
dominated case (Qm =1, Q=0 =Qp = 0).
(c) Compute the dimensionless age of the Universe o to for the radiation-
dominated case (Q“/ =1, Qm =0 =0 = 0).
(d) Compute the dimensionless age of the Universe Hg to for the empty Universe
case (Qk =1, Q, =0, =0, = 0).
(e) Compute the dimensionless age of the Universe Hoto for the currently
favored case (Qk =0, =0, Oy =03, Qr = 0-7). Hint: This integral can
be done analytically, so feel free to use Mathematica or an integral book or simply
do it yourself.
(f) For the above cases (b) — (e), give the age of the Universe o in Gigayears.
Assume a dimensionless Hubble parameter A = 0.7.
(g) Let t(2) denote the age of the Universe at redshift z. Compute Ho t(2) for the
matter-dominated case (Qm =1, 0, =0 =0y = 0).
(h) Compute the age of the Universe t(z) numerically for the currently favored
cosmology (Qk =0, @y =0, 0, =03, Q= 0'7) when the CMB radiation
was released (z = 1100), and corresponding to the most distant quasars ever
observed ULAS J1342+0928 (z = 7.54).
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% Problem 2. “Evolution of the scale factor for a Universe with A = 0, Q > 1
and £& < 0”; (6 points = 3+3)

(a) Show that the evolution of the scale factor of a closed Universe (only matter
and curvature) can be worked out analytically to yield the following parametric

expressions:
1 Q..
a = —2“ (m) (1 — COSC!),

1 Om (
~ 2Hp (R, — 1)3/2

a —sina).

The curve &(%) is a cycloid, i.e., the same curve that solved the brachistochrone
problem.

(b) For the above closed Universe, show that a photon leaving the origin at the
Big Bang arrives back at the same place at the Big Crunch, i.e., just barely has
the time to go circumnavigate the Universe once. Hint: The photon trajectory is

defined by d7 = 0 which gives an expression for dr/dt that you can integrate.
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;0 Problem 3. “Angular scale of the Horizon” (6 points = 2 x 3)
This problem considers a flat £ = 1 Universe, with no radiation.

(a) Calculate the particle horizon scale at z = 1100 in proper distance, and in
comoving distance, respectively.

(b) Calculate the comoving distance from z = 1100 to us at present.

(c) What is the angular scale 6 subtended by this scale today? Express your result

in degrees and in terms of angular frequency ¢ =2m/0 That the CMB is smooth
above this scale is known as the horizon problem; causal physics generates
anisotropies below this scale — in particular the CMB acoustic peaks.
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- Problem 4. “Nonstandard nucleosynthesis.” (5 points)

) Under which of the fOHOWi;Ig suppositions would primordial nucleosynthesis have pro-
@} = duced less *He than the standard model? Less H (deuterium)?

a) Suppose that the baryond density in the universe today is larger than we
think. wesYR g, '\"UM L. vwure

b) Suppose that there is a fourth neutrino flavor with mass much less than 1
MeV. (It must be “sterile,” e.g. right-handed, not to have been detected in
70 decay at LEP.) o st | s comt

Less n. fany e WOy

c) Suppose that there are many more neutrinos than antineutrinos or photons
in the cosmic background today.

d) Suppose that there are many more antineutrinos than neutrinos or photons
in the cosmic background today.

e) Suppose that there is a significant contribution of gravitational radiation to
the total energy density of the universe, comparable in magnitude with the
energy density of the microwave background radiation.
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Problem 5. Neutrinos. (3 points)

Suppose neutrinos have a mass of 1eV. Then when their interactions freeze out in the early
Universe at a temperature T' =~ MeV, they are relativistic. At approximately what redshift
would the neutrinos become non-relativistic? If they became non-relativistic, then what,
(qualitatively) would the energy distribution of neutrinos look like today?
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Problem 6. “Sound horizon.” (4 points)

For a re‘fativistic gas, the “effective” mass density p, = u/c?, where u is the energy den-
sity. The pressure is p, = wu/3, and the properly relativistic sound speed is given by
¢ = (4/3)p/(pr + pr/c®) = /3. During the radiation-dominated era, assume this is
coupled to a non-relativistic baryon fluid with mass density py, so the baryons contribute
to the mass density but are negligible in the pressure. The sound speed is then ¢ =
(4/3)pr/ (oo + pr + pr /) = (c*/3) (1 + (3/4) (po/pr))~'. Estimate the co-moving distance
a sound wave has propagated since the big bang during the radiation-dominated era (just
assume a flat universe with Q, = 1, at all times, until the epoch of radiation-matter equality
at z ~ 3000, at which time p, = p, — before this, Py X a”3, pp a™).
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[ZL Problem 7. Magnetic monopoles. (4 points)

Magnetic monopoles are generically produced in grand unied theories (GUT) of the strong
and electroweak interactions due to spontaneous symmetry breaking as the temperature drops

below Equr = kTaur ~ 10° GeV. Since the fields whose symmetry is broken cannot be
correlated on scales larger than the horizon at the time of symmetry breaking, this “phase
transition” leads to the formation of about one “topological defect” (in this case, a monopole)
per horizon volume (more detailed calculations give one per ~ 3 —4 horizon volumes, but lets
go with astronomical accuracy and say 3 ~ 1). This is the horizon volume at that time.

If the monopole mass is M ~ Egyr/c?, éstimate the ratio of monopole number density
to photon number density at that time (assume a flat radiation-dominated universe with
€, = 1). At this density, monopole-antimonopole annihilation is not significant, so their
co-moving number density should be conserved towards later times. Use this to estimate
(order-of-magnitude) Qup = Pmonopole/ Perit today. You should find a very large number
(~ 10, clearly wildly different from what’s observed! Explain qualitatively how this might
be solved by inflation. This is, in fact, historically one of the major arguments for inflation,
and a major requirement in any inflationary model is that the temperature to which the
Universe is re-heated after inflation must be Tie_peat <€ TGUT (or else the monopoles just
come back!).
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fi Problem 8. Derive the Boltzmann equation for photons. (6 points)

Note: you may follow the derivation of Dodelson’s book. However, you must

give every detail.
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