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Radiative Processes in Astrophysics
Final exam, Spring 2018

T 1. (10 points) Hyperfine Emission from Neutral Hydrogen
L
Neutral hydrogen in the electronic ground state can be in one of two hyperfine states.
Denote the number density of atoms in the ground hyperfine level (singlet state) as ny,
and the number density of atoms in the excited hyperfine level (triplet state) as n;.
DEFINE the ezcitation temperature, T,., of the transition as

no_ Q_l_e—iw/ls:Tw _ (1)
no go

Here hv = he/) is the mean energy difference between the levels, and gg =1 and g, = 3
are the statistical weights of the levels. The excitation temperature is merely another
way of expressing the ratio of ground state to excited state populations. By definition,
if a gas is in local thermodynamic equilibrium (LTE) at some gas kinetic temperature
T, then T,; = T; the level populations are distributed in Boltzmann fashion at the
local temperature T'. Some people refer to the excitation temperature for the A = 21cm
transition as the spin temperature. But use of the term “excitation temperature” is
general to any line transition; it is simply a measure of how excited an atom is.

(a) Define T. = hv/k and compute its value.

(b) Write down the absorption coefficient, «, (units of per length), for this transition.
Express your answer in terms of ¢(v) (the line profile function), As; (Einstein A coef-
ficient), A, whatever densities you need, and Tix/Te;. Do not forget the correction for
stimulated emission.

(c) Write down the volume emissivity, j, (units of ergs™!cm 3Hz !sr™!), for this
transition. Use whatever quantities defined above that you need.

(d) Write down the source function, S,, for this transition.

(e) Write down the specific intensity, I,,, of a cloud of HI that is optically thin along the
line-of-sight (1-o-s). Take the l-o-s dimension of the cioud to be L, and give the answer
only to leading order in 7 < 1, where 7 is the optical depth at an arbitrary wavelength.

Does your answer depend on T, 7

If someone gives you a spectrum of the 21 cm line that appears in emission and tells you
that the line was emitted from an optically thin cloud, what physical quantities can you
infer from the spectrum?

(f) Write down the optical depth of the cloud. Does your answer depend on T¢;?

(g) How large would L have to be for the cloud to be marginally optically thick? Use a gas
density of n = 1cm™3, a gas temperature of T = 100K, and an excitation temperature
Tez = T. Assume the line is only thermally broadened.
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5 2.(10 points) Galactic Synchrotron Emission

The brightness temperature of synchrotron emission in the Galactic plane is measured
to be

v —2.8
Ty = 250 (m) K, (1)

valid for 8 GHz > v > 480 MHz. This emission arises from cosmic ray electrons gyrating
in the Galactic magnetic field of strength B ~ 3uG. Take the size of the emitting region
to be ~10 kpc.

(Aside from being a nuisance foreground for CMB researchers, Galactic synchrotron
emission is thought to probe the supernova rate in the Galaxy, since cosmic ray elec-
trons and protons at the relevant energies are thought to be accelerated in supernova
shock waves. In addition, a famous “FIR-radio correlation” is observed to exist for
normal spiral galaxies; the radio traces electrons accelerated by supernovae, while the
far-infrared (FIR) emission traces warm dust grains. Where there are supernovae, there
is active star formation; where there is star formation, there are dust grains warmed by
the ISRF. Or so goes the traditional interpretation of the FIR-radio correlation.)

(a) Provide an approximate expression for the differential energy spectrum of cosmic ray
electrons. Express in units of particles m-2sr1 s-1 Gev-1. Indicate the approximate range of
energies (Emin and Ema) for which your expression is valid. You can solve this in three steps.
e Estimate the number density of electrons, Ne(Ymin), responsible for emission at
V=Vnin=480 MHz.
® Calculate the desired differential energy spectrum at electron energy Emin using
Ne(Yomin)-
¢ Calculate the slope of the differential energy spectrum.
(b) Estimate the gyro-radii of cosmic ray electrons at Enin and Em.x. Compare to the size of

the (baryonic disk of the) Galaxy, 10 kpc. You should be able to understand why cosmic ray
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Wf; 3. (10 points) Faraday Rotation

Consider the propagation of light through a magnetized plasma. The magnetic field is
uniform By = ByZ. Light travels parallel to 3.

An electron in the plasma feels a force from the electromagnetic wave, and a force from
the externally imposed B-field. Its equation of motion reads

17XB.Q {1)

AN

mv = —el —

[T I

where the electric field £ can be decomposed into right-circularly-polarized (RCP) and
left-circularly-polarized (LCP) waves:

E = Ey(z  i)e'thr=—t) (2)

where it is understood that the real part should be taken. The upper sign (-) corresponds
to RCP waves, while the lower sign (4) corresponds to LCP waves.

In the equation of motion above, we have neglected the Lorentz force from the wave’s
B-field, since it is small (by v/c) compared to the force from the wave’s E-field.

(a) Prove that the solution of the equation of motion reads

o —ie —
v= m(w £ Weye) B (3)

where weye = eBp/mec. This is the hardest part of the derivation for the dispersion
relation of RCP and LCP waves. But it is fairly straightforward.

(b) Rybicki & Lightman Problem 8.3

8.3—The signal from a pulsed, polarized source is measured to have an
arrival time delay that varies with frequency as ¢, /dw=1.1X 107°% §%, and
a Faraday rotation that varies with frequency as dA0/dw=19x10"*% s,
The measurements are made around the frequency w=10% s™!, and the
source is at unknown distance from the earth. Find the mean magnetic
field, (B>, in the interstellar space between the earth and the source:

[ n8,ds
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5 og. (5 points) Practice with j,, o, S,, B, I,.

(2) A plane-parallel slab of uniformly dense gas is known to be in LTE (local thermody-
namic equilibrium) at a uniform temperature T. Its thickness normal to its surface is s.
Its absorption coefficient is Quygas- Write down the specific intensity, I,,, viewed normal
to the slab, in terms of the variables given.

(b) The same slab is now filled uniformly with non-emissive dust having absorption
coefficient oy, gys¢- The dust is non-emissive, so its emissivity Jvdust = 0. Write down I,
viewed normal to the slab, in terms of all variables given so far.

(c) The slab of gas and dust is further mixed with a third component: an emissive, non-
absorptive uniform medium having emissivity Ju,mea and absorption coeficient Oy med =
0. Write down I, viewed normal to the slab, in terms of all variables given.!
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A physical realization of this problem might be an HII region surrounding an ionizing O star. The
material in LTE would be the fully ionized plasma, emitting thermal bremsstrahlung radiation. The
dust would be dust. The emissive, non-absorptive medium would be the same ionized plasma emitting
recombination (line) radiation. For the assumptions stated in the problem to be valid, we would have
to evaluate v at, say, an optical recombination line like He.
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3 (5 points) Pulsar Dispersion Measure

A radio astronomer notes that pulses from a certain pulsar observed at a radio frequency
of v = 2 GHz arrive slightly ahead of the pulse train observed at v = 1 GHz. The lead

time is 1 s.

(a) Use the dispersion relation derived in class for a cold, ionized plasma, and the
information above, to derive the column density of electrons along the line of sight to
this pulsar. Express in standard pulsar-community units of cm™=3 pc.

The dispersion relation (as derived in class) is given by
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For a plasma, w? = 0, so the dispersion relation becomes

2 2
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Me

(b) For an assumed density of electrons in the interstellar medium of 0.03 cm ™3, calculate
the distance to this pulsar. Does this seem reasonable?

(c) Calculate the optical depth to Thomson scattering along the line-of-sight to this pulsar.
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